ABSTRACT Recent evidences suggest that complex behavior such as chaos can be observed in a nonlinear system with stable equilibria. However, few studies have investigated chaotic systems with only one stable equilibrium. This paper introduces a new 3-D chaotic system having only one stable equilibrium. Dynamics of the new system are discovered by using phase portraits, basin of attraction, bifurcation diagram, and maximal Lyapunov exponents. It is interesting that the system has a state variable related with the freedom of offset boosting. In addition, we have investigated the anti-synchronization of the system via an adaptive control. Furthermore, the feasibility of the system is also discussed through presenting its electronic circuit implementation.
I. INTRODUCTION
For the last decade, there has been a rapid rise on the use of chaos for practical applications, for example image watermarking [1] , chaotic communication [2] , autonomous mobile robots [3] etc. Potential applications of chaos have motivated the researchers to develop new chaotic systems and study their dynamical characteristics [4] , [5] . It is now well established from a variety of studies that conventional chaotic systems have unstable equilibrium points which their basins of attractions touch [6] , [7] . In other words, such normal systems exhibit self-excited attractors [7] .
Remarkably, recent evidences suggest that there exist uncommon chaotic systems with hidden attractors [8] - [11] . A typical example of such kind of systems is a chaotic system with stable equilibrium [12] , [13] . It is worth noting that hidden attractors cannot be localized straightforwardly by applying a standard computational procedure [14] - [17] . In addtion, it has previously been observed that hidden attractors play a crucial role in the fields of nonlinear circuit [16] , Van der Pol-Duffing oscillators [18] , [19] , multilevel DC/DC converter [20] , convective fluid motion in rotating cavity [21] , relay system with hysteresis [22] , and mathematical model of drilling system [23] .
Although there are numerous chaotic systems with unstable equilibria [24] - [26] , there are a few chaotic ones with stable equilibria [27] - [30] , especially with only one stable equilibrium [12] . A chaotic system with only stable equilibrium was first reported by Wang and Chen [12] . Authors constructed the system by adding a perturbation a to the Sprott E system. It is noted that the system exhibited chaos for a tiny perturbation, for example a = 0.006 [12] . The publication of Wang and Chen had a major impact on mysterious characteristic of chaos in autonomous systems. Huan et al. found horseshoes in Wang-Chen system [31] while Sprott et al. observed the coexistence of point, periodic and strange attractors in Wang-Chen system [32] . A general model of Wang-Chen system was studied in [33] . By using a search routine, quadratic chaotic flows with one stable equilibrium were discovered by Molaie et al. [34] . Authors listed 23 chaotic flows with fixed parameters but did not diccussed their detailed dynamics. Kingni et al. introduced integer-order and fractional-order forms of a new threedimensional chaotic system with one stable equilibrium [35] . The system has nine-terms and its physical existence was verified by using the OrCAD-PSpice software. Kingni et al. [35] also reported the stability boundaries of the equilibrium point depending on parameters of the system. Moreover, a cost function based on Gaussian mixture model was developed to estimate parameters of a chaotic circuit with stable equilibrium [36] . The circuit in [36] was implemented in the electronic simulation package Multisim.
Motivated by published works, the aim of this work is to explore a new chaotic system with stable equilibrium and its remarkable features. The next section describes the mathematical model of the new system and presents its dynamics. We study the anti-synchronization of the system in Sect. III. Section IV reports an electronic circuit for implementation the new system with stable equilibrium. Finally, conclusion remarks of overall study are given in the last section.
II. DESCRIPTION AND DYNAMICS OF THE SYSTEM WITH STABLE EQUILIBRIUM
Previous research has established that a chaotic system with stable equilibrium displays hidden attractors [17] . In addition, chaotic system with stable equilibrium is attracting widespread interest because it shows the subtleties of the relation between the local equilibrium and the system's global behaviors [12] , [13] . Thus further studies need to be carried out in order to provide insights for systems with stable equilibrium.
In this paper, we consider the following potential three-dimensional system with stable equilibrium:
in which three state variables are x, y, z while three positive parameters are a, b, and c (a, b, c > 0). The equilibrium of system (1) is found easily by solving the following equations
From Eq. (2), we have
By substituting Eq. (5) into Eq. (4), it is simple to see that
Combining Eq. (3) and Eq. (6), we obtain
Therefore, system (1) has only one equilibrium
The Jacobian matrix of system (1) at the equilibrium E is given as
The corresponding characteristic equation of the system is
in which
It is easy to verify that
for positive parameters of the system. As a result, the system (1) has only one stable equilibrium according to the Routh-Hurwitz stability criterion. In addition, we do not have to pay attention to the instability boundaries of the equilibrium point, which should be considered carefully in other works [35] . The general condition of dissipativity for system (1) is calculated as
Therefore, system (1) is dissipative if ∇V < 0 or y > −1 (in average). When selecting a = 0.95, b = 1.45, c = 0.01, from (8) and (10) it is easy to see that system (1) has only one stable equilibrium
with three eigenvalues
Remarkably, the system displays chaos as shown in Fig. 1 . Lyapunov exponents and Kaplan-York dimension of the system with only one stable equilibrium are L 1 = 0.066, L 2 = 0, L 3 = −2.0158, and D KY = 2.0327. According to the definition of self-excited attractor and hidden attractor in [7] , it is easy to verify that attractors in system (1) are called hidden attractors because the system has only one stable equilibrium. In other words, system (1) is classified as an unusual chaotic system with hidden attractor [7] . Moreover, we present the basin of attraction of system (1) in Fig. 2 . As can be seen in Fig. 2 , system (1) is a multistable system. There is the coexistence of chaotic attractor and point attractor. To show the dynamics of the system with only one stable equilibrium (1), the bifurcation parameter b has been changed. As a result, the bifurcation diagram and the diagram of largest Lyapunov exponents are obtained and presented in Figs. 3, 4. As can be seen from Figs. 3, 4, the system with only one stable equilibrium (1) generates chaotic and periodic states. Periodic states of the system are dealt with in detail in Fig. 5 . The system displays the well-known route to chaos through the mechanism of period doubling, as it is depicted from a period-2 oscillation (Fig. 5a) , to a period-4 oscillation (Fig. 5b) , to period-8 oscillation (Fig. 5c) etc.
Recently, a class of chaotic systems with adjustable variables has attracted attention due to its capability of amplitude control [37] - [39] . Interestingly, the new system with only one stable equilibrium (1) belongs to such class. By replacing the term x in (1) with the term x + k, the system with one stable equilibrium is rewritten as
As can be seen from (16), there is the presence of the constant k which boosts the amplitude of the variable x [39] . It is noted that this transformation has no effect on the dynamics but provides a controllable ability. The amplitude of the variable x is changed conveniently by varying the constant k as illustrated in Fig. 6 . This feature is useful in practical applications, for example, in applications which require only unipolar signal [39] - [41] . 
III. ANTI-SYNCHRONIZATION OF THE SYSTEM WITH STABLE EQUILIBRIUM
Synchronization of chaotic systems is essential for a wide range of applications from secure communication [42] - [44] to image encryption scheme [45] . Various synchronization schemes were introduced [43] . Anti-synchronization is an interesting scheme in which two systems can be synchronized in amplitude, but with opposite sign. In this section, we study the anti-synchronization ability of the new system with stable equilibrium. Two systems with stable equilibrium, named master and slave systems, are considered as follows. The master system is described by:
while the slave system is:
in which the unknown system parameters are a, b, c. In (18), there is the presence of the adaptive control u = u x , u y , u z T .
We denote the state errors between the slave system with stable equilibrium (18) and the master system with stable equilibrium (17) as
In the same way, we denote the parameter estimation errors as
in which the estimations of the unknown parameters a, b, c areâ,b, andĉ, respectively. The aim of our work is to obtain the anti-synchronization between the slave system (18) and the master system (17) . Therefore, we have designed the following adaptive control:
in which k x , k y , k z are three positive gain constants. It is noted that the parameter update law in (21) is given by
It follows that we verify the anti-synchronization between the slave system (18) and the master system (17) when applying the adaptive control (21) 
Likewise, from (20) we get the dynamics of parameter estimation errors: By using (25) and (26), we can simplify the differentiation of the Lyapunov function (24) aṡ
It is trivial to see that the differentiation of the Lyapunov functionV is a negative semi-definite function. Therefore, it is simply to verify that e x → 0, e y → 0, and e z → 0 exponentially as t → ∞ according to Barbalat's lemma [46] . As a consequence, we obtain the anti-synchronization between the slave system with stable equilibrium (18) and the master system with stable equilibrium (17) . We take an example to illustrate the calculation of the constructed anti-synchronization scheme. The parameters of the master system (17) and the slave system (18) 
We take the initial states of the master system and the slave system as follows
The positive gain constants are selected as k x = 4, k y = 4, and k z = 4. In addition, we assume that the initial conditions of the parameter estimates arê Figure 7 displays the anti-synchronization of state variables, while Fig. 8 presents the time-history of the anti-synchronization errors e x , e y , e z . It is straightforward to verify that the anti-synchronization between the slave system (18) and the master system (17) is achieved. 
IV. CIRCUIT IMPLEMENTATION OF THE SYSTEM WITH STABLE EQUILIBRIUM
One vital reason why physical realization of a new chaotic system is expected that is it indicates the feasibility of the theoretical system [47] - [53] . In this part, we will propose a circuit implementation of the system with stable equilibrium. The general operational amplifier-based approach is applied to implement a circuit for emulating the theoretical model (1) . As shown in Fig. 9 , the designed circuit includes three integrators (U 1 -U 3 ) and an inverting amplifier (U 4 ).
The circuital equations of the designed circuit are given by
in which the voltages over the capacitors are
VOLUME 5, 2017 FIGURE 10. The real circuit implemented in a breadboard with off-the-shelf electronic components. By normalizing the circuital equation (32) with τ = t RC , the dimensionless system is derived as
where X , Y , Z are corresponding the voltages at the capacitors (v C 1 , v C 2 , v C 3 ). As a result, it is easy to verify that the dimensionless system (33) corresponds to the introduced system with stable equilibrium (1). The circuit has been implemented in a breadboard by using commercial devices such as operational amplifiers TL084 (U 1 -U 4 ), analog multipliers AD633, and passive components (see Fig. 10 projections of the circuit in Figs. 11, 12 . The realized circuit generates periodical behavior as illustrated in Fig. 11 . As can be seen from Fig. 12 and Fig. 1 , the circuit displays chaotic attractors with only one stable equilibrium which are agree with the theoretical ones.
V. CONCLUSIONS
This work presents a novel three-dimensional chaotic system with one stable equilibrium, which is rarely found in the literature. Due to the presence of the stable equilibrium, system's chaotic attractors are hidden, from a computational point of view. Dynamics of the new system with stable equilibrium have been investigated. Moreover, we have reported the synchronization and circuit implementation of the system which are useful for practical chaos-based applications. This research extends our knowledge of chaotic system with one stable equilibrium. However, further studies regarding the role of the only one stable equilibrium would be worthwhile. 
